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Abstract.
In a cosmological context, the electric and magnetic parts of the Weyl tensor, Eab
and Hab, represent the locally free curvature – i.e. they are not pointwise determined
by the matter fields. By performing a complete covariant decomposition of ∇cEab and
∇cHab, we show that the parts of the derivative of the curvature which are locally free
(i.e. not pointwise determined by the matter via the Bianchi identities) are exactly the
symmetrised trace–free spatial derivatives of Eab and Hab together with their spatial
curls. These parts of the derivatives are shown to be crucial for the existence of
gravitational waves.
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21. The problem
In a cosmological context, where there is a preferred four–velocity field ua, the electric
and magnetic parts of the Weyl tensor, Eab and Hab, represent covariantly the locally
free gravitational field, in the sense that they are not pointwise determined by the matter
fields (see e.g. [1] – [5]). They do not arise explicitly in the Einstein equations. Although
they are not really independent of the matter fields, being constrained by integrability
conditions in the form of the Bianchi identities, it is nevertheless useful to think of them
as being locally free.
The Bianchi identities involve the time derivatives and the spatial divergences and
curls† of Eab and Hab (see the Appendix). The locally free parts of the curvature are not
pointwise determined by the matter fields via Einstein’s equations. Similarly, the locally
free parts of the derivative of the curvature are those parts not pointwise determined via
the Bianchi identities by the matter fields and their derivatives and by Eab, Hab. The aim
of this paper is to determine these locally free parts and their relation to gravitational
waves in cosmology.
We find via a complete covariant decomposition that the parts of ∇cEab and ∇cHab
which are missing from the Bianchi identities are exactly the projected totally symmetric
and trace–free parts ∇〈cEab〉 and ∇〈cHab〉.‡ We call these parts the distortions of Eab
and Hab. The distortions represent the part of the derivative of the curvature which
is uncoupled from the Bianchi identities and does not locally interact with the matter
fields. The divergences are determined pointwise by the matter terms and the locally
free field. The curls (together with the matter terms and the locally free field) determine
the time derivatives of Eab and Hab pointwise. Therefore the distortions and the curls
provide a covariant characterisation of the locally free part of the space–time gradient of
the gravitational field.
We show that in the case of gravitational waves (covariantly characterised), the
Laplacian is determined by the distortion. Hence not only the curls, but also the
distortions of Eab and Hab must be non–zero if there are gravitational waves. This
result represents a refinement of the covariant characterisation and understanding of
gravitational waves in cosmology (see e.g. [6] – [11]).
In Section 2 we give the complete covariant decompositions of the derivatives of the
Weyl tensor and fluid kinematic quantities. The derivations of these decompositions,
involving a combination of covariant tensor methods and Young diagram methods, are
presented in Section 3. In Section 4 we show how the distortions and curls determine the
† The terms divergence and curl as applied to rank–2 tensors are defined by equation (1).
‡ Angle brackets 〈· · ·〉 enclosing indices represent their totally symmetric trace-free and spatially
projected part. Round and square brackets denote, respectively, symmetrisation and anti–
symmetrisation.
3covariant gravitational wave equations. Further implications of our results are discussed
in Section 5. The Appendix gives the Ricci and Bianchi identities in 1 + 3 covariant
form, together with the required identities for second order derivatives.
2. The basic results
The locally free field Eab, Hab and its characterisation are covariant if a covariantly
defined four–velocity exists. For a single perfect fluid, there is a unique covariant four–
velocity, whereas for imperfect fluids and multi–fluids there is in general more than one
covariantly defined four–velocity. For simplicity, we restrict ourselves to the perfect fluid
case. The results are readily extended to the imperfect fluid or multi–fluid case, given
any covariant choice of four–velocity.
For a gravitational field with perfect fluid source, the basic covariant variables are:
the fluid scalars Θ (expansion), ρ (energy density), p (pressure); the fluid spatial vectors
u˙a (4–acceleration), ωa (vorticity); the spatial trace–free symmetric tensors σab (fluid
shear), Eab, Hab; and the projection tensor hab = gab + uaub, which projects orthogonal
to the fluid 4–velocity vector ua. The covariant spatial derivative is defined by
DcS
a···
b··· = hc
rhap · · ·hbq · · ·∇rSp···q··· .
It follows that Dchab = 0. The covariant projected permutation tensor is εabc = ηabcdu
d,
satisfying Daεbcd = 0 and εabcε
def = 3!h[a
dhb
ehc]
f . The covariant spatial divergence and
curl of rank–2 tensors are defined by [9]
(divS)a = D
bSab , (curlS)ab = εcd(aD
cSb)
d , (1)
generalising the expressions for vectors:
divV = DbVb , (curlV )a = εabcD
bV c .
For brevity, we shall henceforth omit the brackets around ‘curl’ unless this leads to
ambiguity.
The aim now is, through the covariant 1 + 3 splittings of vectors and rank–2 and
rank–3 tensors, to find the complete covariant decomposition of the derivatives of scalars,
vectors, and rank–2 symmetric tensors. Any space–time vector Sa may be covariantly
split as:
Sa = −Sbubua + hacSc .
As a special case, the derivatives of the fluid scalars have the decomposition
∇aΘ = −Θ˙ua +DaΘ ,
and similarly for ρ and p.
4Any spatial tensor Sab = ha
chb
dScd may be covariantly decomposed as:
Sab = S〈ab〉 +
1
3
hcdS
cdhab + εabcS
c , (2)
where S〈ab〉 ≡ h(achb)dScd − 13hcdScdhab is the projected symmetric trace–free part, and
the spatial vector Sa is equivalent to the skew part:
S[ab] = εabcS
c ⇔ Sa = 12εabcSbc . (3)
If Sab = S(ab), then (curlS)ab = (curlS)〈ab〉. If Sab = S[ab], then we find the identities
curlSab = D〈aSb〉 − 23DcSchab , DbSab = curlSa . (4)
The decomposition of the derivative of the fluid 4–velocity [1] is in our notation
∇bua = −u˙aub +Dbua , (5)
Dbua = σab +
1
3
Θhab + ωcεab
c , (6)
σab = D〈aub〉 , Θ = D
aua , ωa = −12curl ua , (7)
where (6) is a particular case of (2). For the vorticity, using (2) – (4) we find
∇bωa = −ωcu˙cuaub − ω˙〈a〉ub − ua
{
σbcω
c + 1
3
Θωb
}
+Dbωa , (8)
Dbωa = D〈aωb〉 +
1
3
Dcωchab − 12curlωcεabc , (9)
where S˙〈a〉 ≡ habS˙b, and similarly for the 4–acceleration u˙a.
The electric and magnetic parts of the Weyl tensor, Eab = Cacbdu
cud and Hab =
1
2
εacdC
cd
beu
e, satisfy Eab = E〈ab〉 and Hab = H〈ab〉. Their derivatives have the following
covariant decomposition:
∇cEab = − E˙〈ab〉uc − 2u(aEb)du˙duc
+ 2u(a
{
Eb)
d (σdc + ωdc) +
1
3
ΘEb)c
}
+DcEab , (10)
DcEab = Êcab +
3
5
DdEd〈ahb〉c − 23curlEd(aεb)cd , (11)
where S˙〈ab〉 ≡ h(achb)dS˙cd − 13hcdS˙cdhab, and where Êcab is completely symmetric and
trace–free:
Êcab = Ê〈cab〉 = D〈cEab〉 . (12)
Note that the projected time derivative in (10) satisfies ha
dhb
eE˙de = h〈a
dhb〉
eE˙de. This
decomposition is derived in the next section.
A similar decomposition applies to ∇cHab. The generalisation (11) of (6) suggests
that we call Êcab and Ĥcab the distortions of Eab and Hab, by analogy with the shear σab.
These represent the divergence–free and curl–free spatial variation of the Weyl tensor.†
† Note that the term distortion in the case of a rank–2 tensor is not intended to imply the geometrical
significance that it has for a vector [1].
5The decomposition (10) – (12) applies to the derivative of any spatial, symmetric and
trace–free rank–2 tensor; thus we have for example
Dcσab = σ̂cab +
3
5
Ddσd〈ahb〉c − 23curl σd(aεb)cd , (13)
in the case of the shear σab .
Using the notation of [9], the covariant splitting of the Ricci and Bianchi identities
given in [1] is considerably simplified. For convenience, these equations are given in
the appendix, in the case of a perfect fluid source for the gravitational field. All the
covariant time and spatial derivatives of the scalar and vector variables – Θ, ρ, p, ua,
ωa and u˙a – appear in the covariant Ricci and Bianchi equations. This includes the
distortions D〈bua〉 ≡ σab, D〈bωa〉 and D〈bu˙a〉. But for the tensor variables Eab, Hab
and σab, the distortions do not appear in any of these equations. In the case of the
shear, the divergence and curl terms occur in the Ricci constraint equations (A4) and
(A6) respectively, but the distortion σ̂cab does not occur in any of the Ricci or Bianchi
identities. However, the evolution of σ̂cab is governed by the distortion of Eab, as may be
seen by taking the symmetric and trace–free part of the spatial derivative of the shear
propagation equation (A3).
The distortion arises in the covariant Laplacian, which is central to the wave equation
(see Section 4). Consider the distortion of say Hab:
Ĥcab = D(cHab) − 25h(abDdHc)d .
Taking the divergence, we get
DcĤcab =
1
3
D2Hab − 415D〈aDcHb〉c + 23DcD〈aHb〉c ,
where D2 = DaDa is the covariant Laplacian. The last term on the right may be
converted into a divergence term plus curvature correction terms, using the commutation
identity (A13):
D2Hab = 3D
cĤcab − 2
(
ρ− 1
3
Θ2
)
Hab − 65D〈aDcHb〉c +N [H ]ab , (14)
where
N [H ]ab = 4ωcωcHab + 2Θσc〈aHb〉c − 6ωcω〈aHb〉c
+ 2σc〈aσb〉dH
cd − 2σcdHcdσab + 2Θωcεcd〈aHb〉d
− 2σcdσc〈aHb〉d − 6Ec〈aHb〉c + 2ωcεcdeσd〈aHb〉e
+ 2ωcεcd〈aσb〉eH
de + 2ωcε
cd
aH˙〈bd〉 + 2ωcε
cd
bH˙〈ad〉 . (15)
The new identity (14), (15) shows explicitly how the covariant Laplacian is determined
by the divergence of the distortion, the gradient of the divergence, the time derivative,
and algebraic terms. The homogeneous and isotropic Friedman-Robertson-Walker
(FRW) universe is covariantly characterised by the vanishing of ωa, u˙a and σab, which
6then forces Eab, Hab and the spatial gradients of ρ, p and Θ to vanish. In an almost
FRW universe (which is considered in Section 4), these covariant quantities are small
[3], and the term N [H ]ab is non–linear and may be neglected.
3. The decompositions
The derivations of the covariant decompositions (5) – (9) for the vectors ua and ωa
(and the corresponding expressions for u˙a) involve a straightforward application of the
1 + 3 splitting of rank–2 tensors together with (2) – (4). For the tensor derivatives, we
need the 1 + 3 splitting of rank–3 tensors, the generalisation to rank–3 tensors of the
decomposition (2), and the properties of the covariant tensor curl and divergence.
A: The space-time splitting. Any rank–3 space–time tensor has the covariant 1 + 3
decomposition
Sabc = αuaubuc + Vaubuc +Wbucua + Zcuaub
+ Aabuc +Bbcua + Ccaub + Fabc ,
where Va, · · · , Fabc are spatial tensors. Since Eab = E(ab) and Eabub = 0, we have
uaubEab;c = 0 and so
Eab;c = 2V(aub)uc + Aabuc + 2u(aBb)c + Fabc ,
where Aab = A(ab) and Fabc = DcEab. Contracting with u
c and ub and using (6) gives
Aab + Vaub + Vbua = − E˙ab ,
Bac + Vauc =
(
1
3
Θhbc + σ
b
c + ω
b
c − u˙buc
)
Eab ,
and (10) follows.
B: The spatial splitting. Any rank–3 tensor in n dimensions may be decomposed as
Mabc = M(abc) + Sabc + Tabc +M[abc] , (16)
where
Sabc =
2
3
M[ab]c +
2
3
M[a|c|b] = −Sbac ,
Tabc =
2
3
Ma[bc] +
2
3
M[b|a|c] = −Tacb . (17)
In terms of Young diagrams [12], this is represented by the irreducible decomposition
a ⊗ b ⊗ c = a b c ⊕ b c
a
⊕ b a
c
⊕
a
b
c
,
so the 4 terms on the right of (16) are linearly independent. For n = 3, they have
10 + 8 + 8 + 1 = 27 independent components. (In general, they have
1
3!
n(n+ 1)(n+ 2) + 1
3
n(n + 1)(n− 1) + 1
3
n(n + 1)(n− 1)
+ 1
3!
n(n− 1)(n− 2) = n3
7free components.) Since the terms in (16) are linearly independent, we can split off their
trace–free parts independently. Because of the symmetry, each has (at most) one trace
term. Using the appropriate metric hab:
M(abc) = M〈abc〉 +
3
n + 2
M(ahbc) , (18)
Sabc = Ŝabc +
2
n− 1S[ahb]c , (19)
Tabc = T̂abc +
2
n− 1T[bhc]a , (20)
where Ma = M(abc)h
bc, Sa = Sabch
bc, Ta = Tabch
ac, and Ŝabc, T̂abc are trace–free. If
Mabc = M(ab)c, then symmetrising (16) on ab gives
Mabc = M(abc) + T(ab)c , (21)
and (17) becomes
Tabc =
4
3
Ma[bc] . (22)
Notice that, when Mabc = Mbac, anti–symmetrising (21) on bc gives, using (22),
3
2
Tabc = T(ab)c − T(ac)b, so T(ab)c is equivalent to Tabc. As before, we can split off the
trace–free parts of (21). If Mabc =M[ab]c, then T[ab]c = 0 and (16) becomes
Mabc = Sabc +M[abc] . (23)
Specialising now to the case of spatial rank–3 tensors, so that n = 3, simplifications
result from (3):
M[abc] = Mεabc , Ŝabc = Ŝdcεab
d , T̂abc = T̂daεbc
d , (24)
where Ŝcd =
1
2
Ŝabcε
ab
d = Ŝ〈cd〉 and similarly for T̂cd. If Mabc = M(ab)c, then by (18), (20)
– (22) and (24), we have
Mabc ≡M(ab)c =M〈abc〉 + 35M(ahbc) + 12 T̂d(aεb)cd + 12T[bhc]a + T[ahc]b , (25)
where Ma =
2
3
Mad
d − 1
3
Md
d
a and Ta =
2
3
Mad
d − 2
3
Md
d
a. If in addition Ma
a
c = 0, then
Ma = Ta and (25) becomes
Mabc ≡M〈ab〉c =M〈abc〉 + 910M〈ahb〉c + T̂d(aεb)cd . (26)
If Mabc =M[ab]c, then (23) – (24) give
Mabc ≡M[ab]c = S[ahb]c + Ŝdcεabd +Mεabc , (27)
where Sa = Mab
b.
Equations (25) – (27) give the complete covariant decomposition of any rank–3
spatial tensor. An example of (27) is provided by the decomposition of the commutators
γcab of an orthonormal triad [13]. The decomposition (26) applies to DcEab, DcHab and
Dcσab. In the case of DcEab, contracting (26) with h
bc gives DbEab =
3
2
Ma, while
contraction with εcbe and symmetrisation on ea gives curlEea = −32 T̂ea. Thus (11) is
established. The corresponding relations for Hab and σab follow immediately.
84. Gravitational waves
The identification of the distortions as the parts of the Weyl derivative that are
uncoupled from the Bianchi identities, suggests that they play an important role in
the existence of gravitational waves. We show here that this is indeed the case.
Gravitational waves in cosmology are gauge–invariant transverse tensor perturba-
tions of the homogeneous and isotropic FRW spacetime. The covariant characterisation
of gravitational waves in terms of the Weyl tensor was introduced by Hawking [6] and
developed in the covariant and gauge–invariant perturbation theory of Ellis and Bruni
[3]. In this approach, the fundamental equations are the covariant propagation and
constraint equations (A1) – (A12) given in the Appendix, with the right hand sides set
to zero (i.e. linearised). Gravitational waves are described by Eab and Hab, governed by
the linearised form of the Bianchi identities (A9) – (A12). In the absence of scalar and
vector modes, the gradients of ρ, p and Θ are zero, together with u˙a and ωa. It follows
from the linearised version of equations (A4), (A11) and (A12) that σab, Eab and Hab
are divergence–free. These tensors satisfy wave equations [6], [7] provided their curls
are non–zero (strictly speaking, the curl of the curl must be non–zero). For example,
taking the time derivative of the linearisation of equation (A10), using the linearisation
of equations (A1), (A6), (A9) and the identities (A14) and (A15), we get
✷
2Hab ≡ − H¨ab +D2Hab
= 7
3
ΘH˙ab +
(
2
3
Θ2 − 2p
)
Hab , (28)
in agreement with [7] and [11].
The derivation of (28) reflects the known result [7] that a necessary covariant
condition for gravitational waves in cosmology is
DbEab = 0 6= curlEab , DbHab = 0 6= curlHab . (29)
Now the identity (14) derived in Section 2 for the covariant Laplacian allows us to refine
this result. In the linearised case, the term N [H ]ab given by (15) vanishes, and we have
D2Hab = 3D
cĤcab − 2
(
ρ− 1
3
Θ2
)
Hab , (30)
since the divergence is zero for gravitational waves. It follows that if the distortion of
Hab vanishes (strictly, if the divergence of the distortion vanishes), then Hab satisfies a
covariant Helmholtz equation
D2Hab = −
(
6K
a2
)
Hab , (31)
where we have used the background Friedmann equation to evaluate the coefficient in
(30), with a the scale factor and K = 0,±1 the spatial curvature of the background.
9For K = 0, the Laplacian of Hab vanishes and there can be no wave propagation. For
K 6= 0, Hab is proportional to a tensor eigenfunction of the covariant Laplacian. These
covariant eigenfunctions satisfy [6]
D2Q
(k)
ab = −
k2
a2
Q
(k)
ab , Q
(k)
ab = Q
(k)
〈ab〉 , D
bQ
(k)
ab = 0 = Q˙
(k)
ab ,
where k determines the comoving wave number. For K = −1, (31) shows that there is
no real value of k (and thus no smooth eigenfunction), which forces Hab = 0, so that
there are no gravitational waves. For K = +1, (31) implies k = √6, so that there is at
most one wavelength admitted. However, this rules out general gravitational waves. A
similar result follows if we start with zero distortion of Eab. Thus we have the extension
of (29):
a necessary covariant condition for the existence of gravitational waves in cosmology is
DbHab = 0 , curlHab 6= 0 6= D〈cHab〉 ,
DbEab = 0 , curlEab 6= 0 6= D〈cEab〉 . (32)
5. Conclusion
We have found the complete covariant decomposition of the derivatives of the electric
and magnetic parts of the Weyl tensor. This extends the covariant characterisation of
the locally free gravitational field to its space–time gradient. The derivatives decompose
into time derivatives and spatial curls, divergences and distortions (totally symmetric
trace-free parts). The covariant Ricci and Bianchi equations given in the Appendix
involve all these parts of ∇cEab and ∇cHab except for the distortions Êcab ≡ D〈cEab〉
and Ĥcab ≡ D〈cHab〉, which do not occur in the equations. They may be thought of
as the uncoupled parts of the derivatives, containing at most 2 × 7 = 14 independent
components out of the maximal 40 independent components of ∇eCabcd. Together with
the curls, the distortions are crucial for the existence of gravitational waves.
At any spacetime event P, specification of Cabcd and∇eCabcd determines a first–order
Taylor approximation to Cabcd near P. The divergences are determined algebraically at
P via the Bianchi constraints (A11) and (A12). The curls algebraically determine the
time derivatives via the Bianchi propagation equations (A9) and (A10), so determining
the future evolution of the system. Together with the distortions at P, they are free
data at that point, in that they are not determined by the matter there (i.e. by ρ, p, ua
and their first derivatives). Rather their values there are determined non–locally, their
time evolutions along the fluid flow–line through P being determined by the free data
at earlier times (through spatial derivatives of the Bianchi propagation equations (A9)
and (A10) for Eab and Hab), and their spatial derivatives being restricted by spatial
derivatives of the Bianchi constraint equations (A11) and (A12).
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It is clear from this that the distortions at P are the least coupled parts of the
derivative of the Weyl tensor. Together with the curls, they are the free data that
can be given at a point. Since the curls contain at most 2 × 5 = 10 independent
components, there are at P in general 14 + 10 = 24 unconstrained components of
∇eCabcd. These tensor properties at a point are reminiscent of Penrose’s result [14] that
the totally symmetrised derivatives of the Weyl spinor are freely specifiable at a point
in the vacuum case (see [15] for the non–vacuum generalisation, and [16] for further
discussion and application, of Penrose’s result).
We have shown how the distortions of Hab and Eab must be non–vanishing if there
are to be gravitational waves in cosmology, thus refining the known covariant condition
that the curls must be non–zero. Further investigation of the role of the distortions is
clearly warranted. In particular, the covariant classification of cosmological solutions
via Eab, Hab and their divergences and curls (see [1], [4], [5], [9], [10], [17]), could be
extended by considering also the distortions.
Finally, we note that the electromagnetic analogue of these results follows from the
covariant decomposition
DbEa = D〈bEa〉 +
1
3
DcEchab − 12curlEcεabc ,
and similarly for the magnetic field vector Ha. This shows that the distortions of Ea and
Ha are ‘free’ in the sense that they are not directly constrained by Maxwell’s equations
(see [2]). Together with the curls, these distortions, as in the tensor case, are crucial for
the existence of electromagnetic waves.
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Appendix A. Covariant Ricci and Bianchi equations
The Ricci identity for ua and the Bianchi identities (incorporating the field equations
via the Ricci tensor), are covariantly split into propagation and constraint equations in
[1]. For a perfect fluid source, these equations are in our notation the following:
Ricci:
Θ˙ + 1
3
Θ2 − Dau˙a + 12(ρ+ 3p) = − σabσab + 2ωaωa + u˙au˙a , (A1)
ω˙〈a〉 +
2
3
Θωa +
1
2
curl u˙a = σabω
b , (A2)
σ˙〈ab〉 +
2
3
Θσab −D〈au˙b〉 + Eab = − σc〈aσb〉c
− ω〈aωb〉 + u˙〈au˙b〉 , (A3)
2
3
DaΘ− Dbσab + curlωa = 2εabcωbu˙c , (A4)
Daωa = u˙
aωa , (A5)
Hab − curl σab −D〈aωb〉 = 2u˙〈aωb〉 , (A6)
Bianchi:
ρ˙+ (ρ+ p)Θ = 0 , (A7)
(ρ+ p)u˙a +Dap = 0 , (A8)
E˙〈ab〉 +ΘEab +
1
2
(ρ+ p)σab − curlHab = 3σc〈aEb〉c + ωcεcd(aEb)d
− 2u˙cεcd(aHb)d , (A9)
H˙〈ab〉 +ΘHab + curlEab = 3σc〈aHb〉
c + ωcεcd(aHb)
d
+ 2u˙cεcd(aEb)
d , (A10)
DbEab − 13Daρ = εabcσbdHcd − 3Habωb , (A11)
DbHab − (ρ+ p)ωa = − εabcσbdEcd + 3Eabωb . (A12)
These equations generalise those given for the case of irrotational dust in [9]. In the
case of small anisotropies and inhomogeneities, i.e. when the cosmology is almost FRW,
the right hand sides of the above equations can be set to zero. The resulting linearised
equations are the basis for covariant and gauge–invariant perturbation theory [3].
By projecting the Ricci identity for rank–2 tensors, we can generalise the identities
in [9] for the commutation of covariant time and spatial derivatives, and for the curl of
the curl:
12
Commutation of spatial derivatives (exact, non–linear):
D[aDb]S
cd = 2
3
(
1
3
Θ2 − ρ
)
S[a
(chb]
d) − 2S[a(c
{
Eb]
d) − 1
3
Θσb]
d)
}
+ 2h[a
(c
{
E[b]e − 13Θσb]e
}
Sd)e − 2σ[a(cσb]eSd)e
− 2S[a(c
{
ωb]ω
d) − ωeωehb]d) + 13Θεb]d)eωe
}
+ 2
{
σ[a
(cεb]ef + σe[bεa]
(c
f
}
ωfSd)e
+ h[a
(c
{
ωb]ωe +
1
3
Θεb]efω
f
}
Sd)e − εabeωeS˙〈cd〉 . (A13)
Commutation of curl and time derivative (linearised):
(curlSab)
· = curl S˙ab − 13ΘcurlSab . (A14)
Curl of curl (linearised):
curl curlSab = −D2Sab + 32D〈aDcSb〉c +
(
ρ− 1
3
Θ2
)
Sab , (A15)
where D2 = DaDa is the covariant Laplacian.
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